ABSTRACT. The barycentric extension of homeomorphisms from the unit circle to the closed unit disk produces real analytic trivializations of the Teichmüller curves.
Introduction.
In part because of their universal properties (see [5, 6, and 9] ) the Teichmüller curves have played a central role in the deformation theory of Riemann surfaces. Since Teichmüller spaces are contractible, the Teichmüller curves are topologically trivial fibrations. At times (see for example [12] ), smooth trivializations are useful. Our purpose here is to present explicit real analytic trivializations. These trivializations, which we obtain from the barycentric extension introduced by Douady and the author in [3] , have invariance properties that may be useful. We present our basic construction in the next section. The final section describes the resulting trivializations.
We assume some familiarity with the Ahlfors-Bers theory of Teichmüller spaces. Facts for which no reference is given can be found in the recent books [8, 10, or 11].
2. A real analytic diffeomorphism. Let G be the group of holomorphic automorphisms of the open unit disk A in C, and let S1 be the boundary of A. As usual, C(S1, C) is the Banach space of continuous complex valued functions on S1, with the sup norm, and ß^(Sx) is the group of homeomorphisms of S1 onto itself. If T is a Fuchsian group (discrete subgroup of G), we define the Teichmüller space T(r) to be the set of <p in ^(S1) that fix the points 1, i and -1 and have a quasiconformal extension w: A -♦ A that satisfies (2.1) w o^ou;-1 6 G for all 7 G T.
We denote by 1 the trivial subgroup of G; thus T(l) is the set of <p in ^(S1 ) that fix 1, i, and -1 and have a quasiconformal extension to A. The Ahlfors-Bers theory tells us that T(l) is an infinite dimensional complex Banach manifold that contains each space T(r) as a closed (possibly infinite dimensional) complex submanifold.
For each ¡p in ^(S1) let ex(<p) : A -► A be the barycentric extension defined in [3] . We recall that for w and z in A and <p in %?(SX), w = ex(^>)(z) if and only if 
is a real analytic diffeomorphism.
PROOF. To prove the analyticity we must first describe the complex structure of T(l). Let M(l) be the open unit ball in the complex Banach space L°°(A, C). For each function p in M(l) there is a unique quasiconformal map /M of A onto itself that fixes the points 1, t, and -1 and satisfies the Beltrami equation f¡ = pfz in A. Let <pM be the restriction ffi\S1, and define the surjective map $: M(l) -► T(l) by $(p) = £>M. The complex structure of T(l) is uniquely characterized by the statement that $ is a holomorphic map with local holomorphic right inverses.
Consider the function / on M(l) x A defined by f(p,z) = ex(tpli)(z). The map (p, z) r-> (ip^, z) from M(l) x A to C(S1, C) x A is real analytic, as a consequence of Lemma 18 and Theorem 11 of [1] . In addition, the equation (2.2) satisfied by w = ex(ip)(z) implies (see p. 31 of [3] for a proof) that for any point (<po,zo) in ß^(Sl) x A there is a real analytic function h(ip,z) defined in a neighborhood W of (<po)2o) in C(S1,C) x A and satisfying h(<p,z) = ex(<p)(z) if (<p,z) E W and <p E %?(Sl). These two observations imply that / is a real analytic function. Consequently, the function (<p, z) r-> ex(<p)(^) on T(l) x A and the map F defined by (2.3) are real analytic. 
The Bers fiber space of any Fuchsian group T is the open complex submanifold F(T) of T(r)xS2 defined by F(T) = {b, c); ip E T(T) and ? E u>"(A)}.
According to Bers [2] , the group T acts on F(r) as a group of biholomorphic mappings in the following way. Condition (2.1) implies that for each 7 in T and <p in T(r) there is a unique automorphism 7^ of A such that r)tp°<p = <p°l on S1.
The conformai naturality of the barycentric extension (see [3] ) therefore implies that 7^ o ex(<p) = ex(<p) 07 in A. REMARK. Since T(r) is a closed complex submanifold of T(l), the Bers fiber space F(T) is a closed complex submanifold of F(l) for any Fuchsian group T.
Condition (3.2) now implies that

The trivializations.
Fix a Fuchsian group T, and let X be the quotient Riemann surface A/T. A trivialization of the Teichmüller curve over T(r) is a homeomorphism 9: T(T) x X ^ V(T) such that ir(9(<p, x)) = <p for all (<p,x) in T(r) x X. We observe that T(r) x X is the quotient of T(r) x A by the T-action (4.1) 7(yj, z) = (<p, 7z) for all 7 € T and (<p, z) E T(T) x A.
THEOREM 2. The map (tp,z) i-> (<p,wp(z)) from T(T) x A to F(T) is a Tequivariant real analytic diffeomorphism. The induced map 9: T(F) x X -► V(T) is a trivialization of the Teichmüller curve over T(T).
If the group T is torsion-free, then 9 is a real analytic diffeomorphism.
PROOF. Formulas and hp is the conformai map of A onto wp(A) that fixes the points 1, i, and -1. Theorem 1 tells us that F is a real analytic diffeomorphism. So is H, by Lemmas 6.3 and 6.4 of Bers [2] . (An alternative proof is indicated in §5.3 of [4] . In both references the role of A is played by the upper half plane U. Conjugation by a Möbius transformation transfers the results from one setting to the other.) Therefore H o F is a real analytic diffeomorphism, as required.
The induced homeomorphism 9: T(T)xX -» V(F) is obviously a trivialization of the Teichmüller curve. Finally, if T is torsion-free the quotient maps from T(r) x A to T(r) x X and from F(r) to V(r) are locally biholomorphic, so 9 is a real analytic diffeomorphism. Q.E.D.
REMARKS. (1) If T is the group of order two generated by z i-» -z, then 9 is not a diffeomorphism.
(2) If T has torsion and the universal cover of X = A/T is A, the methods of §4 in [7] allow us to write the Teichmüller curve V(r) -► T(r) as the pullback of a Teichmüller curve ^(ri) -► T(Fi) with Ti torsion-free and X = A/Ti. We can then pull back a real analytic trivialization from V(Ti) to ^(r). Similar methods can be used if the universal cover of X is C or S2.
(3) If the groups Ti and T2 are conjugate in G, the natural isomorphisms from T(ri) x A/Tt to T(r2) x A/r2 and from F(Fi) to F(r2) commute with our trivializations 9, by conformai naturality (see [3] ). Similar statements hold if Ti c r2.
